Additivity of entanglement of formation for some special cases 
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The proof of additivity of entanglement of formation for some special cases is given. The strong 
concavity of von Neumann entropy due to strong subadditivity of von Neumann entropy is presented. 
Some general relations concerning about the entanglement of formation are proposed. 



I. INTRODUCTION AND SOME GENERAL RESULTS 

Entanglement of formation (EoF) is a widely accepted measurement of entanglement JlJ . For a bipartite state pab 
in Hilbert space Ha (g> Hg , the entanglement of formation is defined as 

Ef(pAB) = roin£>S (Tta\^ab)(^ab\) , (1) 

i 

where the minimization is over all possible ensembles such that pab = X^-Pil^ks) (^AbIj ^(p) = — Trplog 2 p is the 
von Neumann entropy. 

It is a long-standing conjecture that for product density matrix pab <8> PA'B 1 in Hilbert space Ha <8> Hb <8> Ha' ® Hb 1 
the EoF is additive: 

Ef(pAB ® PA'B') = Ef(pAB) + Ef(pA'B')- (2) 

But only a few cases are proved. 

From the definition we know that EoF is weak additive, i.e., the following inequality holds: 

Ef (PAB ® PA'B') < Ef(pA B ) + Ef(pA'B')- (3) 

In order to prove the additivity of EoF, we just need to prove the opposite inequality. 
First, we present some relations concerning about the EoF, trivial or not: 

minY,P*{S{p l A) + S{p A ')) =minJ2Pi(S(p A ) + Ef(p i A , B ,)) (4) 

i i 

= min y £p i (E f (p i AB )+S(p%)) (5) 

i 

= minJ2Pi{Ef(p AB )+E f (p i A , B ,)) (6) 

i 

= E f (pAB) + E f ( PA 'B'), (7) 

where we have pure state decomposition 

PAB ® PA'B' = J2p^aba'B')(^aba'B'\- (8) 

i 

Here we denote p\ = Ttba 1 b' {\^ 1 abA' b')(^aba' b'Dj an d similar notations are also used for other states with par- 
tial traces. We remark that optimal pure state decomposition in one mininization is not necessarily the optimal 
decomposition in another mininization. The proof of these relations are straightforward. 

We can find from these relations that in order to prove the additivity of EoF, we need to prove the EoF 

Ef{ P AB <8> PA'B') = ^PiS(p AA ,), (9) 
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is at least one quantities appeared in the minization in relations (^,^,^|J^), where we suppose (^) is optimal pure states 
decomposition for EoF. However, it seems unlikely to use directly the first quantities since we have subadditivity 
inequality, 

s(Aa>) < s(A) + s(p' a ,), (io) 

where the equality holds if and only if p\j^, = Pa® Pa> which can not be satisfied in general in (^|). In this paper, we 
will use the second or the third quantities in (0, H) to prove the additivity of EoF for some special cases. 



II. STRONG CONCAVITY OF VON NEUMANN ENTROPY 



Before we proceed, we give some useful relations [Q], 

sC£p*p 1 ® Mil) - H (Pi) + I>W. (11) 

i i 

where H(p.i) is Shannon entropy. We also have the strong concavity of von Neumann entropy 

s(£,Pip\ ® pi) > Eft^i) + s(E,Pif%)> ( 12 ) 

i i i 

s(J2pip\ ® pi) > s(£piA) + J2 Pi s(pi), (is) 

i i 

due to the strong subadditivity of von Neumann entropy || 

S(pi23) + S(p 2 ) < S(p 12 ) + S( P23 ). (14) 
We define P123 = J2iPiPi ® P2 ® |*)3(*|j an d use the relation (|il"l), and we have 

S'fpia) > 5(pi23) + £(£2) _ -5(P23) 

= h( Pi ) + Y / p l s( P \ ® p 2 ) + sg>/4) - - Ek s (^) 

z z i 

=X)ftS(pl)+sEp*pj)- ( 15 ) 

i i 

So, we proved the relation (|l2|), similarly for ([l3|). Relations (|IJ|,[l3|) is stronger than the relation due to concavity of 
von Neumann entropy, 

s(J2pip\ ® 4) >Eft + s (pi)) ■ ( 16 ) 

i i 

Comparing (^) and (0), we know 

H(pi) > S(£,PiPi)- (17) 

i 

This was proved in ref. Q, and reproved by a different method in ref. 0, here we provide a different proof. The 
strong subadditivity of von Neumann entropy ( |l4| ) was recently used to prove the additivity of eantanglement breaking 
channel || and entanglement cost || where essentially the strong concavity of von Neumann entropy (|l2|,[l3]) were 
used. Since the relations (^,^) are very useful and deserve an independent name, we call them the strong concavity 
of von Neumann entropy in this paper and use them directly without tracking back to the strong subadditivity of von 
Neumann entropy. 
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III. ADDITIVITY OF EOF FOR SPECIAL CASE I 



Next we consider a special class of pure states, 



l^ABA'B') = 2J A\a) b\ 

a/3 



)A<\P)B> 



we know 



Pab = Tr A , B ,(\$> ABA , B ,){m ABA , B ,\) 



Y Y v^sH^Hb 

(3 \ o j 

Y X ^ab)(KbI 



Y V X a'l3 
\ a' 



'/3 A W\B{a'\ 



where we use the notation 



\Kb) = 



7= ( Y] \fKp\oc) A \a) B ) , A /5 = Va q/3 . 



Similarly, we have the result for p A * B i 



PA'B- 



and we use the notations 



\n> B >) = 



/3 



We also know the reduced density operator 

Paa> = Y x a p\a) A (a\ <8> |/3)a'</3| 

a/3 

= 2 A »l a >^< a l® Tr fl'(l*5['B'><*A'flO. 
a 

Then by using the relation jll|) 7 we obtain 

5( /9 ^)=^(Aa)+E A ^( T ^(l*S' S '>(*A'B'l)) 
a 

= S(p A ) + Y X »S (Tr B ,{\VX, B ,)^% B ,\)) . 

OL 

Due to pure state decomposition of pA'B> presented in we have 

Y^( Tr B'(\*A>B>)(yi'B'\)) > E f { PA , B ,). 

a. 

Thus 

S(pAA') > S(p A ) + Ef(p A ' B i). 

Similar to relation (E4J), we have 



S(paa>) = S(pa>) + £ XpS (Tr B (|*^)(^ B |)) . (27) 



We conclude the superadditivity of EoF is ture for pure state \^abA'B')- The relations ( |24| ) and ( |26| ) are even stronger 
than the superadditivity of entanglement of formation. We summarize 

S(paa' ) > Ef(p AB ) + E f (p A >B>). (28) 

In case all pure states in the decomposition of pab ® PA' B' can be written as the form (|l8l ) by independent Schmidt 
decomposition on Ha <8 i?B and if^/ <g) ffe/ , the additivity of EoF holds since we have 

Ef(pAB <8> PA'B' 

i 

>Y / P^ (Ef(PAB)+E f ( PA , B ,)) 

i 

>E f {pAB)+Ef(p A >B>), (29) 



where we assume (|8j) is the optimal decomposition for EoF. We remark that the additivity of EoF [|2j|9| deduced from 
additivity of entanglement breaking channel Q belong to the class (fL8|). 

For an arbitrary pure state \SS> aba 1 b 1 ) , we can always find unitary transformations Uaa> and Vbb' m Ha <£> Ha> 
and Hb <8> i/s' respectively, and transfer \^aba'B') to ([l8|), 

^7 AA' ®V B B'\^ABA'B>) = V&ABA'B') 

a/3 

We know 

^(/SaaO = S(pAA') 

= S( PA ) + £ X « S (TrB'(\n>B>)(*A>B>\)) , (31) 

a 

but it is not clear whether in general the relation 

S(PAA') >Ef{pAB)+Ef(p A >B>) (32) 

holds or not, this relation is called superadditivity of EoF H,||. If the superadditivity of EoF holds for arbitrary pure 
states, the additivity of EoF follows directly. 

IV. ADDITIVITY OF EOF FOR SPECIAL CASE II 

In what follows, we restate the HJW theorem presented in ref. Q): For any density matrix p having the diagonal 
form 

P = ^2\\e l ){e l \, (33) 

i 

can be written as the mixed states of \ipi) with probability pi 

P = I>HMM. (34) 

i 

iff there exists a unitary transformation U such that 

=4fE^V^>- (3 5 ) 
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Now we present another class of states for which the additivity of EoF holds. Consider about two density matrices 
in H A ® H B and H A i <8> Hg< , 

Pab=J2 X -'\ J )ab(J\, (36) 
j 

K 

where Xj and \ J)ab are eigenvalues and eigenvectors of density operator pab, and similarly for pa'B'- 

Let's assume that the eigenvectors \ J)ab have some special properties. Suppose \ J)ab — E a hh \ a\j2) b, 

\J')ab = Eojijib'D^li^B, ^ + J', we assume ^ \j[) A , \j 2 ) B ^ |j2>s- For example, p A B = A|00)(00| + (1 - 

A)±(|ll) + |22))((11| + (22|). We assume \K) A 'B> also has this property. 

The Schmidt decomposition of states \ J)ab and \K) A 'B' have the following form: 

\J)ab = ^ \/rM7\aj)A\aj)B, (38) 

ctj 

\K) A 'B' =J2V^\Pk)a'\Mb', (39) 

Since \ J)ab and | J')ab have the property presented above, we have the following relation 

(aj\a'j,) =8j J .8 aj , a > j . (40) 

This can be understood that p A B is block diagonal, so besides (aj\a'j) = S aj ^ inside one block, we also have 
orthogonal relation for different blocks. Similarly, we have 

(0K\P K >)=8K,K'6 fiK ,f l . K . (41) 

Now, let's consider the pure states decomposition, 

PAB <8> PA'B' = EftlWXWI- (42) 

i 

Due to HJW theorem J7j] we can find a unitary matrix Ui.jK and also considering about the Schmidt decomposition, 
we have 



-^= Y] U it j K ^\jX K \J) AB ® IIOa'B', (43) 
= [/ i,^V / AjV(X] V^7l a j)A|«J>s) ® (J2 X^\Pk)a'\Pk)b')- (44) 

V P i JJf a j K 

We remark that the properties of eigenvectors already used here. So, the reduced density operator in H A ® H A i can 
be obtained as 

Paa' = Tr BB , (|*Wb'><*Wb'I) 

Pi JKJ'K- a .ja.' Jl f$ K {S' K , 

\ a j)A(a'j> \ <8> |/3K>A'(/3k"l (5 ./^" 5 c t .7,a: 7 (5 X,-K'^/3if,/3^ (45) 

= C/ l ,JKC/*./KAjA A '?? Qj e/3 K |aj)A(a.7| ® \0k)a>{Pk\, (46) 

where we have used the relations when we take trace in H B <8> i?s' ■ With the help of strong cancavity relation 

( |l2| ) , the von Neumann entropy of p l AA i has the following form, 
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s{A A >) = s E E i Ih \ i E 

ilaj\aj) A (aj \]®E2Zi3k\0kU'(Pk\ 
\K J aj K 

* E X « S ( - E Ui,JKU*j K \j Vcxj \aj) A (aj\] + S I E A * £ &k I 

= E A ^ (Pa) + S {p 1 a>) , (47) 



A' 

where we used the the following notations and relations 



pf = -J^UijKUZjKXjY^VaAajjAiajl (48) 
Pa- =E A *E^cI/3kM/?a-| (49) 

K K 

= Tr A (PAA>)- (50) 

In the same time, we can identify 

P 1 A = Tr s — E U hJKU*j, K x/\j\j> E v /r ) aj r)a> j ,\aj) A (a , j,\ <E> \a,j) B (a'j,\ 

1 J J' a jet' 

J J' 

= Tr B \*%){*%\, (51) 
where, we use the definition 

W%) = -L E ^V^E v^M^Mb- (52) 
v pi J 

We can find the reduced density operator p\ B — Tr A i B ' H^abA'B') (^ABA'B' |) has the pure state decomposition 

P 1 ab = Y. X ^ab)^%\- (53) 

K 

Thus we obtain the result from relation (fl7|), 

- ^(Paa' ) 

>%(4) + %(pW)' (54) 

Here we use the fact 

Ef(PAB) = E f {Y,^%)^%\) <Y,^S(pT), (55) 

K K 

Ef(PA'B') < S{ P \,). (56) 

Here we summarize that the EoF of pure state \^aba'B') 1S a * least the sum of entanglement of formation of p\ B 
and p\i B i provided the pure state decomposition relation (|4^), 

> EAPab) + E f (p l A , B ,). (57) 
What follows seems straightforward. Suppose ( fl2| ) is the optimal decomposition for EoF, we have 

Ef(pAB ® PA' B' ) = Y.P. E f^ABA>B>)) 

i 

>Y,P^E f (p AB ) + E f (p\, B ,)) 

i 

>E f {p AB ) + E f {p A , B ,), (58) 



the last inequality is due to the fact 

Pab = ^PiPabi PA'B' = ^PiPa'B'- (59) 

i i 

We already know the EoF of pab ® PA'B' is at most the sum of entanglement of formation of pab and pa> b' 

Ef( P AB ® PA'B') < E f (p AB ) + Ef(pA'B'), (60) 

thus we have the additivity of EoF for this special case. 

Ef(pAB <8> PA'B') = Ef(pAB) + Ef(pA'B')- (61) 

V. SUMMARY AND DISCUSSION 

Though we present here the additivity of EoF for some special cases, the problem of additivity of EoF for general 
case is still open. 

For pure state in the decomposition, 

l^ABA'B') = 4= Yl U itJK V\j\ K \J)AB ® \K) A , B ,, (62) 



JK 



we denote 



= ^E^V^I^ab, pjf = Tr fl |*^)(*^|; (63) 

v Pi J 

\V% B .) = ^=J2 U ^ K ^\ K ^' B '^ P" = Tr B '\^A 7 ' B ')(^ A J ' B '\; (64) 



/Pi K 



p AA ' = Tr BB ,\V ABA , B ,)(y ABA , B ,\. (65) 
Here, similar as the superadditivity of EoF, we may ask the question: whether the following relation holds: 

S{p AA ,) > J2 ^kS(pT) + J2 *JS{P%V (66) 

K J 

One possible method to answer this question is to know whether the following relation is true: 

S(paa') > S {^X KP f ® {Tr B ,\K) A , B ,{K\)\ +S (^2Xj(Tr B \J) AB (J\) ® p%\ 

S [Y,-^K\Ui,j K \ 2 {Tr B \J) AB {J\)® (Tr B ,\K) A , B ,(K\)h (67) 

\JK Pl / 

We can obtain ( |66| ) from ( |67| ) by using strong concavity of von Neumann entropy for the first two terms and the 
subadditivity for the third term. 

We summarize our idea here: a, relation ( |67| ) is a sufficient condition of relation (|6^); b, relation ( |66|) is a sufficient 
condition for the additivity of EoF. But both a or b may not be necessary conditions. 

Werner state [jl0| is an interesting state to check the superadditivity of the EoF since the EoF of Werner state is 
known ||. Suppose we have an Werner state in H A <g> H B £g> H A ' ® H B > with dimension 2 for each Hilbert space. The 
reduced density operators in Ha <S> H b and Ha' ® H B i are still Werner states, and EoF are known. The result shows 
that the superadditivity of the EoF is correct for this case. 
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